ABSTRACT. Some roles in the global dynamics of so called stable and unstable sets will be given for semilinear heat equations and semilinear wave equations with dissipative terms.
Introduction
Let Dc RN be a bounded domain with smooth boundary aD. We are concerned with the following two mixed problems:
Ut -Au = lulp-1u, For these problems, many authors investigated their dynamics. In particular, since Sattinger [21] has constructed so called stable set in 1968, the method of stable set (potential well) was used in order to construct global solutions (Ebihara et al. [3] , Ikehata [9] , Ishii [11] , Lions [14] , Nakao et al. [16] , Otani [17] and Tsutsumi [22, 23] e.g.). Furthermore, with respect to the blowing-up properties, there is a work of Payne et al. [19] . Namely, roughly speaking, if initial data Uo belongs to so called unstable set, then the associated weak solution blows up in a finite time. Of related interest is the works of Ikehata et al. [10] , Ishii [11] and Otani [17, 18] . Now the first purpose of this paper is to characterize those stable and unstable sets by the asymptotic behaviour of solutions to the problems (1.1)-(1.3), adopting the arguments of Dynamical System (see Henry [7] ). Our method may be topological in this sense. The second purpose of this paper is to consider the same problems for (1.4) -(1.6). In particular, we can characterize stable set of the equation (1.4) by the asymptotic behaviour of solutions as t --+ 00 and give sufficient conditions of initial data in order to blow up in finite time by the energy method. Although the method is different from that for heat equation (1.1), we will be able to say that the wave equation (1.4) with b > 0 has a similar property to (1.1) . However, unfortunately we can not characterize unstable set right now because of lack of 'smoothing effect' in (1.4) .
The contents of this paper are as follows. In section 2 we prepare several facts on the local existence of solutions to (1.1)-(1.3) or (1.4)-(1.6) and basic results of stable and unstable sets. In section 3 we state the main results (Theorem 3.1) to the problem (1.1)-(1.3). In section 4 we assert the main theorems to the problem (1.4)-(1.6) (Theorems 4.1 and 4.2). Section 5 is devoted to the proof of Theorem 4.1 and in section 6 we prove Theorem 4.2.
After our work has been completed, we are noticed that Kawanago [12] studied the dynamics of the Cauchy problem of (1.1) in RN with lulp-1u replaced by up. This is closely related to our study, as he investigated the set K, introduced by Lions [15] , of initial values for the existence of global solution, in detail. In addition, the use of an argument of Giga [4] is in the same way as ours.
Preliminaries
Throughout this paper the functions considered are all real valued and the notations for their norms are adopted as usual ones (e.g., Lions [14] ). Furthermore, Q c RN is a bounded domain with smooth boundary aQ.
We shall describe some lemmas. LEMMA Now we define some functionals as follows:
(SOBOLEV-POINCARE
for u E Ho(Q), (2.2) J(u)=:: IIVull~ -lIull;1~ for u E HJ(Q).
And also we define so called 'Nehari manifold' and 'potential depth', respectively as follows (see Payne et al. [19] ): [11] , Otani [17] , Payne et al. [19] and Tsutsumi [22] ). However, all of their results depend on the energy method differently from ours.
To prove Theorems 3.1-3.2, we need some lemmas.
When Tm = +00, we can define so called w-limit set w(uo) associated with (1.1)-(1.3) as follows: Let u(t, x) be a global solution to (1.1)-(1.3) with Tm = +00 in Theorem 2.2. Then w(uo) == {u E HJ(Q);there is a sequence {tn} with tn -00 as n -00
The following proposition will be given by Henry [7] :
(uo)) means the distance from u to w(uo).
Next we can prove the following lemma in the same way as in Tsutsumi [22] . 
., S(t) is a mapping Uo 1-+ u(t, .). Then S(t)W* c W'
and 
Moreover, since u( to, .) E W', it follows from Lemma 2.5 that
for sufficiently large n. Letting n -t 00 above, we get
which contradicts to (3.1). So it must hold 0 E w(uo). Conversely, if Tm = +00 and limt--+ooIIVu(t, ')Ib = 0, then from (1) of Lemma 2.4 that there is a number to E [0,00) such that u(to,') E W*.
• PROOF OF THEOREM 3.2. Second we shall prove Theorem 3.2. Since the proof of 'if' part of Theorem 3.2 is almost the same as that of Theorem 3.1, we will state only the outline of proof.
Assume that there exists a real number to E [0, Tm) such that u(to,') E V'. Then we have from Lemma 3.5 that u(t,·) E V' for all t E [to, Tm). In the following, we suppose Tm = +00 (see Otani [17] ). By using V* instead of W· in the proof of Theorem 3.1, first of all we get w(uo) = {O} and u(t,.) -t 0 in HJ(Q). From (1) of Lemma 2.4 we obtain that u(t,·) E W· for t large enough.
Therefore, we get u(t,·) E W* n v· for sufficiently large t> to which contradicts· to W· n V* = <p. So we get Tm < +00.
Conversely, suppose Tm < +00. It follows from Lemma 2.5 that
Since limqTml!Vu(t, ·)112 = +00, the above inequality gives (3.3) lim I(u(t, .)) = -00.
qTm Furthermore, since we also get limttTm Ilu(t, ·)1100 = +00, when the initial data satisfies Uo ~ 0, it follows from the results of Giga [4] that (3.4) lim l(u(t,·)) = -00.
qTm
Next, we shall rely on the results of Giga-Kohn [5] 
tlT .. (1) Tm = +00 and 0 ¢ w(uo),
Taking (3.3) into consideration
PROOF. First it is easy to show that (2) is equivalent to (3) . Next let us prove the equivalence of (1) with (2) .
Suppose (1). If there is a number to
then one of the following three cases hold: 
Wave equation and stable-unstable set
In this section we treat the problem (1.4)-(1.6). To begin with, we shall introduce "modified" unstable set depending on () ~ 0 as follows (see (2.6)): Suppose
Then we define 4) 
Proof of Theorem 4.1
In this section we shall prove Theorem 4.1. To this end, we prepare several lemmas. Throughout this section, we always assume the local existence Theorem 2.3. 
, Tm). If there is a number to E [0, Tm) such that E(u(to, .), Ut(to, .)) < d and I(u(to, .)) > 0, then u(t,·) E W· and E(u(t, .), Ut(t,·)) < d for all t E [to, Tm).
PROOF. Since the proof is almost the same as that of Tsutsumi [22] , we shall omit it. • The next lemma plays an important role to derive the decay estimate of the total energy E(u(t, .), Ut(t,·)) as t -+ 00. Although the proof is almost the same as that of Ishii [11] , we will describe it for the sake of completeness. ( 
with a constant M > o.
PROOF. First note that the following identity holds:
By integrating this equality on [to, t] we have
to to
Since (p + 1)J(u(t)) = p; 11IVu(t)ll~ + I(u(t)), the above inequality gives:
1 Jt Since u E W* implies J(u) ~ 0 and I(u) > 0, the following inequality: which contradicts to Tm = +00. _
